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We discuss the recently introduced concept of non-deterministic noiseless linear amplification,
demonstrating that such an operation can only be performed perfectly with vanishing probability
of success. We show that a weak measurement, which imprints the weak value of an observable of a
pre-selected and post-selected system onto a probe system, can be used to approximate probabilistic
noiseless amplification. This result may be applied to various tasks in continuous variable quantum
information, including entanglement concentration, probabilistic cloning, and in quantum repeaters.
We discuss the application of our scheme to probabilistic cloning of weak coherent states.
When a pre and post-selected quantum system inter-
acts weakly with a probe system, the so-called weak value
of an observable of the system is imprinted onto the
probe [1, 2]. The weak value can take values outside the
range of the eigenvalues of the associated observable [1],
and can even be complex [3]. Weak measurements have
been studied extensively to investigate the properties of
quantum systems in between measurements, in the time
symmetric or two-state vector formalism [4, 5], and have
proven to be a fruitful concept in studying paradoxes
in quantum mechanics [6]. Aside from their theoreti-
cal investigation, weak values have also been experimen-
tally observed in a number of quantum optical systems
[7, 8, 9]. Taking a more operational approach, the im-
printing of weak values can be exploited to perform useful
tasks in quantum information theory, such as in quantum
communication schemes [10], in entanglement concentra-
tion [11, 12], and to amplify small optical effects, allowing
them to be measured [13, 14]. Nevertheless, this poten-
tially useful effect has remained relatively unexplored. In
this paper we will discuss the use of the weak measure-
ment formalism to probabilistically perform approximate
noiseless linear amplification on small amplitude quan-
tum optical states. Although deterministic noiseless lin-
ear amplification is forbidden by the no-cloning theorem
[15], it was recently pointed out that this does not rule
out performing the operation non-deterministically [16],
as long as the distinguishability of non-orthogonal states
on average does not increase. We consider explicitly the
operation that performs noiseless amplification, and show
that, even in principle, it can only occur with vanishing
probability of success, and therefore cannot be imple-
mented exactly. However, it can be approximated arbi-
trarily well, with the probability of success necessarily
decreasing as the approximation gets better. We present
a weak measurement framework for constructing proto-
cols to achieve this. Such protocols may be expected to
have many uses in quantum information and communi-
cations including, for example, entanglement concentra-
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tion [11, 12], probabilistic cloning [17], and in quantum
repeaters [18]. We apply our result to the probabilistic
cloning of small amplitude coherent states and compare
the performance of our scheme to the linear optical pro-
posal of Ralph and Lund [16].
Linear or phase-insensitive amplification of the com-
plex amplitude of a field mode is associated with a trans-
formation of the annihilation operator aˆ → gaˆ for some
g > 1. Clearly there can be no unitary operator achiev-
ing such a transformation, since the commutator [aˆ, aˆ†]
is not preserved. The usual interpretation is that am-
plification must add noise to preserve the commutator,
and the minimum amount of noise that must be added is
well-studied [19]. Alternatively, we can ask if there is a
non-unitary operator achieving this transformation prob-
abilistically [16]. It is useful to consider amplification in
the Schro¨dinger picture, in which it can be thought of
as the operation that transforms a coherent state |α〉, an
eigenvector of the annihilation operator with eigenvalue
α, to |gα〉, with some probability of success pS , which
may depend on the input state. Thus, we define the op-
erator Γˆ(g), corresponding to noiseless amplification, by
its action on coherent states
Γˆ(g)|α〉 = √pS |gα〉. (1)
In the photon number basis this may be written
Γˆ(g)e−|α|
2/2
∞∑
n=0
αn√
n!
|n〉 = √pSe−|gα|2/2
∞∑
n=0
(gα)n√
n!
|n〉.
(2)
Thus Γˆ(g) has the form
Γˆ(g) = c
∞∑
n=0
gn|n〉〈n| = cgnˆ (3)
where nˆ =
∑
n|n〉〈n| is the photon number operator, and
the constant of proportionality c determines the proba-
bility of success via pS = |c|2e−(g2−1)|α|2 . We now note
that any physically-allowed operation is described math-
ematically by a trace non-increasing completely positive
map, and its action on some arbitrary input state ρˆ has
2a Kraus operator decomposition [20]
ρˆ→
∑
i
AˆiρˆAˆ
†
i , (4)
where the Kraus operators {Aˆi} satisfy the constraint∑
i Aˆ
†
i Aˆi ≤ 1ˆ (with equality if and only if the operation
is deterministic). In our case there is only one Kraus
operator Aˆ1 = Γˆ(g), and thus we require Γˆ
†(g)Γˆ(g) =
|c|2g2nˆ ≤ 1ˆ. The constraint is therefore
|c|2
∞∑
n=0
g2n|n〉〈n| ≤
∞∑
n=0
|n〉〈n|, (5)
which, for g > 1 can only hold if |c|2 = 0, i.e. the opera-
tion has vanishing probability of success. Despite this, we
note that noiseless amplification can be approximated ar-
bitrarily well with finite probability. One way to achieve
this in principle [17] is by truncating the Hilbert space,
and performing the operation
Γˆapprox(g) = cN
N∑
n=0
gn|n〉〈n| (6)
on the subspace spanned by the firstN+1 Fock states, for
some arbitrarily large but finite N . This is an allowed
operation provided |cN |2g2N ≤ 1, thus as the approxi-
mation gets better the probability of success, which is
proportional to |cN |2, falls off exponentially.
In the weak measurement formalism, a system pre-
pared in some state |φi〉 is allowed to interact weakly with
another, probe system, through an interaction Hamilto-
nian of the form HˆI = h¯κ(t)Aˆ ⊗ Pˆ , and is later post-
selected in state |φf 〉. If the interaction persists for a
time T , we denote κT =
∫ T
0 κ(t)dt, and a probe system
initially in state |ψi〉 is transformed via
|ψi〉 → 〈φf |e−iκT Aˆ⊗Pˆ |φi〉|ψi〉 ≈ 〈φf |φi〉e−iκTAW Pˆ |ψi〉,
(7)
where we have neglected normalisation and
AW =
〈φf |Aˆ|φi〉
〈φf |φi〉 . (8)
is the weak value of the observable Aˆ. A weak measure-
ment is defined by the approximation in eqn (7), which
is valid if the coupling is weak enough and for certain
probe states. Thus the probe system registers the weak
value of the observable Aˆ, and not one of its eigenvalues.
Note that the weak value AW is complex in general [3];
the real part gives an effective unitary evolution for the
probe system, while a non-zero imaginary part results in
non-unitary evolution.
This paradigm suggests a way to approximately imple-
ment probabilistic noiseless amplification on the probe
state. If we perform a weak measurement with an inter-
action Hamiltonian of the form HˆI = h¯κ(t)Oˆ ⊗ nˆ, the
probe system is transformed via
|ψf 〉 ∝ e−iκTℜ(OW )nˆ(eκTℑ(OW ))nˆ|ψi〉, (9)
where OW = ℜ(OW ) + iℑ(OW ) is the weak value of Oˆ,
the actual value of which depends on the pre- and post-
selections. Identifying g = eκTℑ(OW ), it is clear that
the non-unitary part approximates noiseless amplifica-
tion (eqn 3) when ℑ(OW ) > 0. Note that the real part of
the weak value simply imparts a known phase shift, given
by κTℜ(OW (ω)), which can easily be corrected if neces-
sary by adjusting the optical path length. Our weak mea-
Figure 1: Weak measurement model of noiseless amplifica-
tion. The weak value of the pre and post-selected system is
imprinted on the probe system. For an interaction Hamilto-
nian of the form HˆI = h¯κ(t)Oˆ⊗nˆ, and certain post-selections,
the transformation of the probe approximates noiseless am-
plification.
surement model for noiseless amplification is thus based
on the configuration depicted in Fig.1; the probe state in
mode A is coupled to an ancilla state in mode B prepared
in |Φ〉, by means of unitary evolution under a Hamilto-
nian HˆI = h¯κ(t)Oˆ ⊗ nˆ. The ancilla is later post-selected
in state |ω〉, by means of a measurement on mode B. The
transformed state of the probe system, denoted |ψω〉, de-
pends on the measurement outcome, and is given by
|ψω〉 = N〈ω|e−iκT Oˆnˆ|Φ〉|ψi〉
≈ N〈ω|(1ˆ− iκT Oˆnˆ)|Φ〉|ψi〉 (10)
≈ N〈ω|Φ〉e−iκTOW (ω)nˆ|ψi〉
where N is a normalisation constant, and the notation
OW (ω) reflects the fact that the weak value depends on
the result of measurement of mode B. Expanding the
actual output state and the approximated state in the
eigenbasis of the number operator nˆ gives the infinite set
of equations(
〈ω|e−iκT Oˆn|Φ〉
〈ω|Φ〉 − e
−iκTOW (ω)n
)
〈n|ψi〉 ≈ 0, (11)
∀n ∈ [0,∞). These weakness conditions must be sat-
isfied if the weak measurement model is to be consid-
ered an accurate description of this indirect measure-
ment. They are automatically satisfied for small n pro-
vided that the coupling between signal and probe is weak
κT ≪ 1, and for large or intermediate n can be satisfied
provided 〈n|ψi〉 ≈ 0. States which have this form include,
for example, small amplitude coherent states, and small
amplitude squeezed states.
According to eqn (9), to achieve noiseless ampli-
fication, we need to choose a configuration that al-
lows weak values with a positive imaginary part.
Consider that an expectation value can be writ-
ten as a probabilistic mixture of weak values [21]
3〈Φ|Oˆ|Φ〉 = ∑ω∈Ω |〈ω|Φ〉|2OW (ω), and so ℑ(〈Φ|Oˆ|Φ〉) =∑
ω∈Ω |〈ω|Φ〉|2ℑ{OW (ω)}. However, since all expecta-
tion values for any observable are necessarily real then∑
ω∈Ω |〈ω|Φ〉|2ℑ{OW (ω)} = 0. Thus, there are two pos-
sibilities; the trivial case ℑ{OW (ω)} = 0 for all ω ∈ Ω,
and the case ∃ω ∈ Ω+ such that ℑ{OW (ω)} > 0 and
∃ω ∈ Ω− such that ℑ{OW (ω)} < 0. Thus this proce-
dure is probabilistic since only a subset of all measure-
ment outcomes ω accompany a weak value such that
ℑ{OW (ω)} > 0. The measurement on mode B may
be described by a probability operator measure (POM)
[22], also known as a positive-operator valued measure
(POVM) [23], that is a set of positive operators Πˆω sat-
isfying
∑
ω Πˆω = 1ˆ in the discrete case, or
∫
dω Πˆω = 1ˆ
in the continuous case. Post-selecting state |ω〉 is asso-
ciated with a POM element of the form Πˆω = aω|ω〉〈ω|
for some positive constant aω, and the probability of ob-
taining the corresponding measurement outcome may be
expressed
P (ω) = Tr
(
e−iκT nˆOˆ|Φ〉|ψi〉〈ψi|〈Φ|eiκT nˆOˆ(Πˆω ⊗ 1ˆp)
)
= aωTr
(
〈ω|e−iκT nˆOˆ|Φ〉|ψi〉〈ψi|〈Φ|eiκT nˆOˆ|ω〉
)
≈ aω|〈ω|Φ〉|2〈ψi|e2κTℑ{OW (ω)}nˆ|ψi〉 (12)
where 1ˆp is the identity operator on the probe system.
Thus the probability of success of the noiseless amplifi-
cation is PS =
∑
ω∈Ω+ P (ω). An analogous expression
may be obtained in the continuous POM case, where the
probability P (ω) in eqn (12) becomes a probability den-
sity ρ(ω)dω, and the probability of success is given by∫
Ω+
ρ(ω)dω. Note that, despite our earlier discussion,
this probability need not be vanishing as this scheme is
only an approximation to noiseless amplification. Fur-
ther, our scheme is only applicable to states which satisfy
the weakness conditions, that is those with negligible sup-
port at large n. Note that these are precisely the states
for which the theoretical method of truncating the state
space method provides a good approximation to noise-
less amplification. In the protocols discussed below, we
propose to measure the accuracy of our approximation
via the fidelity F = |〈ψ(G)ω |ψω〉|2 between the final probe
state in the weak approximation |ψω〉, as defined in (9),
and the final probe state given by the general quantum-
mechanical formula, |ψ(G)ω 〉 = N〈ω|e−iκT Oˆnˆ|Φ〉|ψi〉. The
better the approximation provided by the weak measure-
ment model to the actual output of the apparatus, the
higher the fidelity.
An advantage of this weak measurement approach is
that many different physical apparatus may be described
by the same formalism. We require an interaction Hamil-
tonian of the form HˆI = h¯κ(t)Oˆ ⊗ nˆ, along with the
ability to prepare and measure quantum states. In prin-
ciple a wide range of combinations of physical ancilla sys-
tems, interactions and measurements can give rise to a
physical realisation of approximate noiseless amplifica-
tion. This has already been shown to be a powerful ap-
proach in demonstrating that existing models of Gaus-
sian continuous variable entanglement concentration can
all be thought of as special cases of the weak measure-
ment formalism considered here [11]. We consider now
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Figure 2: Probabilistic cloning of weak coherent states.
Graph shows the probability density ρ(p) (blue dotted line),
the gain g(p) (red dashed line) and the fidelity F (p) between
the target state and the weak approximation (green solid line),
for parameter values κT = 4× 10
−5, α = 104 and β = 0.2.
the application of this scheme to cloning of weak coher-
ent states, and discuss the performance of one possible
physical implementation. The configuration we consider
is an all optical setting where an ancilla initially prepared
in a coherent state |α ∈ ℜ〉 interacts with the probe sys-
tem through the cross Kerr effect HˆI = h¯κnˆAnˆB, and the
measurement corresponds to balanced homodyne detec-
tion, post-selecting onto the quadrature eigenstate |p〉.
Thus the weak value imprinted on the probe is that of
the number operator for the ancilla mode, and is given
by nW =
〈p|nˆ|α〉
〈p|α〉 = −α2 − i
√
2αp. Cloning of a small
amplitude coherent state |β〉 is equivalent to amplifica-
tion |β〉 → |√2β〉, since from this a 50-50 beam-splitter
can produce two copies of |β〉. In fact for any g ≥ √2
it is possible to extract two copies of |β〉 from |gβ〉 us-
ing linear optics. Thus our success condition may be
expressed g = eκTℑ{OW (ω)} ≥ √2. This in turn requires
p ≤ − ln 2
2
√
2ακT
. The POM associated with the quadra-
ture measurement is a continuous POM, with operators
{Πˆpdp = |p〉〈p|dp}, and the probability density may be
calculated to be ρ(p) = (e−p
2+(g2−1)β2)/
√
pi. In Fig. 2 we
plot the probability density ρ(p), the gain g = e−
√
2αpκT
and the fidelity F(p) = |〈ψ(G)f (p)|ψf (p)〉|2 for physically
realistic parameter values of κT = 4 × 10−5, α = 104
and β = 0.2. We note that the fidelity decreases as the
gain increases, and we choose the range of measurement
outcomes for which −1.6 ≤ p ≤ − ln 2
2
√
2ακT
to be those
for which cloning is considered to be successful. This
corresponds to g ≥ √2, but also ensures high fidelity of
cloning. In Table I we give some numerical values for
the fidelities and corresponding probabilities of success
4achievable by our model, and give those achieved by the
linear optical model of [16] for comparison purposes. For
fidelities comparable to those achieved by this model, our
protocol has a probability of success that is an order of
magnitude larger. Further, at a fidelity of 0.99 our pro-
tocol gives a probability of success as high as 20%.
Model β Fidelity PS
Weak model, κT = 4× 10
−5 0.2 > 0.99 20 %
Weak model, κT = 2× 10
−5 0.2 > 0.9996 4 %
Weak model, κT = 2× 10
−5 0.5 > 0.995 4 %
Linear optics 0.2 > 0.999 0.5 %
Linear optics 0.5 ≈ 0.99 0.5 %
Table I: Table comparing the performance of our weak mea-
surement protocol to Ralph and Lund’s linear optics proposal.
For the weak measurement model in each case α = 104, suc-
cess corresponds to −1.6 ≤ p ≤ − ln 2
2
√
2ακT
, and we specify
the strength of the coupling κT . Values for the linear optics
model are obtained from the graphs in Fig 3 of [16].
We have considered noiseless linear amplification, and
shown that it is an operation that can only be performed
perfectly with vanishing probability of success. Never-
theless, it can be approximated arbitrarily well, and we
have introduced a weak measurement framework for con-
structing protocols to achieve this. Our framework po-
tentially describes a range of possible physical realisa-
tions, all that is required is a suitable interaction Hamil-
tonian, and the ability to prepare and measure states.
The resulting protocols achieve approximate noiseless
amplification with some probability of success, and suc-
cess is heralded. Our scheme is of theoretical interest
as an example of how weak values may be exploited to
perform useful tasks in quantum information theory. We
have discussed one possible physical implementation, in
an all optical setting, and have shown how this may be
applied to probabilistically clone small amplitude coher-
ent states. This implementation is conceptually simple,
requiring only a small cross-Kerr non-linearity, coherent
state inputs, and balanced homodyne detection. The
effects of experimental imperfections, and in particular
how the fully continuous time, multi-mode analysis of
the cross-Kerr effect considered in [24, 25] affects our
all-optical scheme are left for future work. Further, our
weak measurement framework allows the identification
of working configurations, but leaves the question of op-
timization unanswered. Investigating this problem and
the wider applicability of weak measurements in quan-
tum information is also left for future work.
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